Abstract. In this work we study the persistence on time of superoscillations for Schrödinger equations with variable coefficients. We generalize results obtained for particular Hamiltonians to more general quadratic Hamiltonians. Including Caldirola-Kanai and degenerate parametric harmonic oscillator Hamiltonians.
Introduction
In this work, we study the superoscillations for Schrödinger equation with variable coefficients of the form
Since 1964 when the work of Aharonov and collaborators [2] , [3] appeared, quantum physicists were attracted and experimentally demonstrated a phenomenon which have been denominated superoscillations, for an exellent review of this phenomenon see [6] , also see [2] - [8] . Aharonov et.al. have shown that superoscillations naturally arise when dealing with weak values, providing a fundamentally different way to make measurements in quantum physics. Superoscillating functions have attracted the attention of Mathematicians are a superposition of small Fourier components with a bounded Fourier spectrum. Applications include antenna theory, metrology and optics, see [6] are references therein .
Preliminary results

Lemma 1.
( [10] , [11] ) Given a(t), b(t), c(t), d(t), f (t) and g(t) piecewise real continuous functions, there exists an interval I of time where the following (Riccati-type) system dα dt + b(t) + 2c(t)α + 4a(t)α 2 = 0, (2.1)
has a explicit solution given by
7)
9)
10)
Here µ 0 and µ 1 represent the fundamental solution of the characteristic equation 15) where α (t) , β (t) , γ (t) , δ(t), ε (t) and κ(t) are solutions of the Riccati-type system (2.1)-(2.6).
Then the superposition principle allows us to solve the corresponding Cauchy initial value problem, the solution is given by
For the proof of the following Lemma, see [6] .
Lemma 2. Let's consider the class A 1 as the set of entire functions such that there exists A > 0 and B > 0 for which
16) for all z ∈ C. Let λ(t) be a complex valued bounded function for t ∈ [0, T ] for some T ∈ (0, ∞) and let f ∈ A 1 . Then, for p ∈ N
are suitable functions such that
is a complex valued bounded function for t ∈ [0, T ] for some T ∈ (0, ∞).
Superoscillations for Schrödinger equation with variable coefficients
The following is our main result:
If the characteristic equation (2.13)-(2.14) associated to the variable coefficient Schrodinger equation (1.1) admits two standard solutions µ 0 and µ 1 subject to
and if the coefficients of (1.1) satisfy assumption 1, the superoscillations for (1.1) persist on time,
where ψ n is a solution of (1.1) subject to
is a solution of (1.1) subject to e ihy .
In order to prove this Theorem 2, we need to prove the following Lemma:
Lemma 3. The solution of φ h (x, t) can be represented as
where we define
Proof: By definition, by Lemma 1 and Theorem 1 we have
by the explicit expressions (2.7)-(2.12) for α, β, γ, δ, ε and κ, by the standard formula
and by using power series expansion we get
To prove our Theorem 2 we also need the following proposition which can be proved by induction.
Proposition 1. The following equality holds for m ≥ 0
Therefore, by proposition 1 we obtain
Proof of the Theorem 2: By (3.8), by Lemma 1, Theorem 1 and by Lemma 2, we obtain
Corollary 1. If the characteristic equation (2.13)-(2.14) associated to the variable coefficient Schrödinger equation
the superoscillations for (3.9) persist on time.
Proof: By Lemma 2, the convolution operator (3.5) becomes
and also
Further, by Lemma 2
Some special cases
Example 1. The solution for the Cauchy initial value problem for the Caldilora-Kanai Hamiltonian
satisfying the initial condition ψ(x, 0) = e ihx is given by
and
Further, superoscillations hold by Corollary 1.
Example 2. The solution for the Cauchy initial value problem for the Modified Caldilora-Kanai Hamiltonian
is given by
Further, superoscillations hold by the Corollary 1. 
where µ 0 (t) = cos(t) sinh(t) + cosh(t) sin(t), µ 1 (t) = cosh(t) cos(t) − sinh(t) sin(t), α(t) = cosh(t) cos(t) − sinh(t) sin(t) 2 cos(t) sinh(t) + 2 cosh(t) sin(t) , β(t) = − 1 cos(t) sinh(t) + cosh(t) sin(t)
, and γ(t) = cosh(t) cos(t) + sinh(t) sin(t) cos(t) sinh(t) + cosh(t) sin(t) Further, superoscillations hold by the Corollary 1.
Example 4. The degenerate parametric oscillator has the form
where the characteristic equation is given by the following Ince's type equation
two independent solutions for (4.1) are given by (see appendix for details) µ 0 (t) = sin(ωt) cosh(λt) + cos(ωt) sinh(λt),
, and γ(t) = − ω(sinh(λt) sin(ωt) + cosh(λt) cos(ωt)) 2(sin(ωt) cosh(λt) + cos(ωt) sinh(λt)) . In this appendix we review how to solve the Ince's equation (4.1) using Hamiltonian Algebrization procedure and Kovacic Algorithm, see [1] for more details. By properties of double angle, we can write the equation (4.1) in terms of tan(ωt), for instance, we can consider as its differential field to K = C(tan ωt). After the Hamiltonian change of variable τ = tan ωt we obtain α = ω
and by Hamiltonian Algebrization procedure we get as algebraic form of (4.1) to
We can eliminate one parameter through the change λ = κω, thus, our algebraic form becomes
, κ = 1.
We can transform the equation (5.1) into
We see that Γ = i, −i,
, ∞ , •r c = 2, ∀c ∈ Γ, which implies that equation (5.2) could fall in cases 1, 2, 3 or 4 of the Kovacic's algorithm. We discard the case one (see [1] for details) , by step two and step three of the Kovacic's algorithm we obtain the general solution of (5.2): for instance the differential Galois group for the algebrized characteristic equation (5.1) is also the dihedral infinite group D ∞ for any value of κ = 0. Recalling that τ = tan λt and λ = κω, we get the general solution of the characteristic equation µ(t) = C 1 e −λt (sin ωt − cos ωt) + C 2 e λt (sin ωt + cos ωt), which can also be written as µ(t) = (C 1 + C 2 )(sinh λt cos ωt + cosh λt sin ωt +(C 2 − C 1 ) sinh λt sin ωt + cosh λt cos ωt, and its differential Galois group is also the dihedral infinite group, i.e.,DGal(L/K) = D ∞ . Now, we find µ 0 (t) and µ 1 (t) satisfying the initial conditions (4.1) obtaining µ 0 (t) = sinh λt cos ωt + cosh λt sin ωt, C 1 = C 2 = 1 2 , µ 1 (t) = sinh λt sin ωt + cosh λt cos ωt, −C 1 = C 2 = 1 2 . 
